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Abstract 

We exploit the Fedosov-Weinstein-Xu (FWX) resolution proposed in q- alg/9709043 
to establish an isomorphism between the ring of Hochschild cohomology of the quantum 
algebra of functions on a symplectic manifold M and the ring H'(M,C({h))) of De 
Rham cohomology of M with the coefficient field C((h)) without making use of any 
version of the formality theorem. We also show that the Gerstenhaber bracket induced 
on H*(M,C((h))) via the isomorphism is vanishing. We discuss equivariant properties 
of the isomorphism and propose an analogue of this statement in an algebraic geometric 
setting. 

1 Introduction 

Although Kontsevich's formality theorem [22], 122], IS! and its generalizations [3],[Z] , M [H], 
[12], [E], [22], [SO], [22], [22] give immediate solutions of various problems of deformation 
quantization, the complicated technique of homotopy algebraic structures is not required for 
many of these problems. In fact, a number of examples show that for many problems of 
deformation quantization this technique can be replaced by simpler arguments [I], [TH], [13] . 

[n, m, ^ a 

In paper [21] by A. Weinstein and P. Xu the authors proposed a resolution of the vector 
space of local Hochschild cochains of the ring of quantum functions on a symplectic manifold 
M. They used this resolution to prove that the graded vector space of Hochschild cohomology 
of the ring of quantum functions on a symplectic manifold is isomorphic to the graded 
vector space H*(M, C((h))) of De Rham cohomology of M with the coefficients in the field 
C((h)) of formal Laurent power series. In our paper we use this resolution to show that 
the above cohomology spaces are isomorphic as rings. In principle, the compatibility of 
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Kontsevich's quasi-isomorphism j22] with the cup-product in Hochschild cohomology implies 
an analogous statement for a general Poisson manifold. However, it is instructive to see that 
in the symplectic case, the result can be proven by a much simpler argument. From our 
considerations it will also be transparent that the Gerstenhaber bracket induced on De 
Rham cohomology via the above isomorphism with Hochschild cohomology is vanishing. 

A dual version of this assertion was proven in paper by Nest and Tsygan on the 
algebraic index theorem. Namely, in [211 the authors describe Hochschild and cyclic homol- 
ogy of the algebra of quantum functions with compact support on an arbitrary symplectic 
manifold using the spectral sequence associated to the ft-adic filtration. 

In this context, it is worth mentioning paper in which similar results were obtained 
for Hochschild and cyclic homology of the ring of pseudo-differential symbols on an arbitrary 
smooth manifold. 

The structure of this paper is as follows. In the next section we formulate the main 
results of the paper (See theorems 1 and 2). In the third section we remind the Fedosov 
deformation quantization, recall the Fedosov- Weinstein-Xu resolution of the algebra of local 
Hochschild cochains of the quantum ring of functions on a symplectic manifold, and prove 
theorems 1 and 2 formulated in the previous section. In the concluding section we discuss 
applications and the variations of theorems 1 and 2 . In Appendices A and B at the end of 
the paper we recall algebraic structures on Hochschild cochains and propose an equivariant 
homotopy operator for the cohomological Hochschild complex of the formal Weyl algebra. 

Throughout the paper we assume the summation over repeated indices. We omit symbol 
A referring to a local basis of exterior forms as if we thought of daf's as anti-commuting 
variables. We denote by d the De Rham differential. By a nilpotent linear operator we 
always mean an operator whose second power is vanishing. 

2 Algebra of local Hochschild cochains of the ring of 
quantum functions on a symplectic manifold. 

Let M be an even dimensional smooth manifold endowed with a symplectic form uj = 
ujij{x)dx l A dxK Here i,j run from 1 to 2n = dimM and x l denote local coordinates. Let 
u^{x)d x i A d x0 denote the respective Poisson tensor 

u ik (x)u kj (x) = 8) . 

According to the standard terminology of deformation quantization j2] , [3| a star-product 
on the symplectic manifold M is an associative non- commutative C((/i))-linear product in 
C°°(M)((h)) given by the formal power series of bidifferential operators S k 

oo 

a*b = ab + ^h k S k {a,b), a,&GC°°(M) (2.1) 
fc=i 

and such that 

a* b — b * a = h{a, b} mod h 2 , a*l = l*a = a. 
where {, } denotes the Poisson bracket associated to the symplectic structure on M . 
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Furthermore, two star-products * and *' are called equivalent if there exists a formal 
series 

oo 
k=l 

of differential operators Q k on M such that 

Q(a*b) = (Qa)*' (Qb), V a,b e C°°(M) ((/*)) . (2.2) 

We denote by A the algebra C°°(M)((h)) of formal Laurent power series of complex 
valued smooth functions on M with the multiplication (j2.1|) . 

By definition the vector space C^ C (A) of local Hochschild k-cochains of the algebra 
A is the subspace of Cf oc (k) C ifom C ((fr))(A® fc , A) of C((fo))-linear homomorphisms from 
A® fc to A preserving supports of functions. In S\ it is shown that any polylinear map 
L G H om c ((C°° (M))® k , C°°(M)) which preserves supports of functions can be locally rep- 
resented as a polydifferential operator 2 . Thus any element P G Cf oc (A) can be defined locally 
as the following formal series of /c-differential operators 

(ai,...,a k ), (2.3) 

mez 

where the summation in m is bounded below. 

It is not hard to see that the Hochschild differential d (jA.3|) . the cup-product (jA.4j) and 
the Gerstenhaber bracket (jA.6|) preserve locality of Hochschild cochains and therefore are 
well-defined on C* oc (A). In what follows by the ring of Hochschild cohomology of A we mean 
the vector space 

HH; oc (A) = H(C; oc (A),d) 

with the multiplication induced by (jA.4|) . 

We have to mention that since A is a deformation of the algebra of smooth function on 
M the complex of all Hochschild cochains of A is a rather intractable object. In particular, 
Hochschild cohomology HH h (A) for k > 1 is not known even for the ordinary commutative 
algebra of smooth functions on M n . 

Recall that given a symplectic torsion free connection V and a Fedosov representative 

Qp G — f2 2 (M)[[7i]] (|3.24|) one can construct an algebra A Vi r2 F which quantizes the symplectic 

manifold M in the sense of (12. lj) . It is well-known (see theorem |SJ) that for different Fedosov 
representatives Qf the algebras Av,n F exhaust all equivalence classes of deformation quan- 
tizations of M. In this paper we refer to the triple (M,V ,Qf) consisting of a symplectic 
manifold M, a symplectic torsion free connection V and a Fedosov representative Qp ()3.24|) 
as Fedosov data. 

The main results of the paper are formulated in the following two theorems 

Theorem 1 For the algebra A = (C°°(M)((h)),*) of quantum functions on a symplectic 
manifold M the ring of Hochschild cohomology 

hh; oc (a) 

2 If the manifold M is compact the word "locally" can be omitted. 
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is isomorphic to the ring of De Rham cohomology 

H DR (M)®C((h)), 

with coefficients in the field C((ft)) of formal Laurent power series. The Lie bracket induced 
on H' DR (M) ® C((h)) via this isomorphism is vanishing. 

Theorem 2 To the Fedosov data (M, V, Vtp) one can naturally assign a differential graded 
(DG) associative algebra Up and a pair of embeddings 

(£ v ,n F : fi«(M)((ft))^K- jfV , (2.4) 

»v lJiF : QUAv,^) — K tQF , (2.5) 

which are quasi-isomorphisms of the corresponding DG associative algebras. If g is a diffeo- 
morphism of M then the corresponding embeddings £>v,fi F > ^,n F , ^>g^,g,n F , ^nd £ 9 »v,g,n F 
fit into the commutative diagram 

c; 0C (av, Qf ) ^ k^ Qf n-(Af)®c((ft)) 

I 9 * | 9 * | 9 * (2.6) 

cZJiWn,) s ^ nF jq.v,*„ F £9 *^ nF n-(M)®c((ft)). 

Proofs of the above statements are given in the next section. The proofs are based on the use 
of the Fedosov- Weinstein-Xu (FWX) resolution [33] of the vector space of local Hochschild 
cochains of Ay,n F - An interesting corollary and a couple of variations of theorems 1 and 2 
are discussed in the concluding section of the paper. 

Remark. We would like to mention that the triviality of the operation induced by the 
Gerstenhaber bracket on the Hochschild cohomology can be viewed as a generalization of 
the familiar fact that the Lie bracket of symplectic vector fields is a Hamiltonian vector field. 

3 FWX resolution of the algebra of local Hochschild 
cochains 

In this section we recall the construction of the Fedosov- Weinstein-Xu (FWX) resolution [34J 
of the algebra of local Hochschild cochains of the quantum ring of functions on a symplectic 
manifold. A classical analogue of this resolution was used in papers ^1] and to prove 
the formality theorems for Hochschild (co) chains of the algebra of functions on an arbitrary 
smooth manifold. We start with a brief reminder of the Fedosov deformation quantization. 

3.1 Reminder of the Fedosov deformation quantization 

As above, M stands for an even dimensional smooth manifold endowed with a symplectic 
form u) = ujij(x)dx l A dx^ and u^(x)d x i A d x j denotes the respective Poisson tensor 

u ik (x)u kj (x) = 5) . 
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Following Fedosov ^3] we introduce the Weyl algebra bundle over the manifold M. Sec- 
tions of this bundle are the following formal sums 

a = a(x,h,y)= ^ h k a k;iu .. ip (x)y il . . . y ip , (3.1) 

p>o, fcez 

where the summation in k is bounded below, CLk;ii...i p { x ) are symmetric covariant C-valued 
tensors, and y % are fiber coordinates on the tangent bundle TM . An associative multiplica- 
tion of the sections (j3.1j) is defined with the help of the Poisson tensor ufi as follows 

aob(x,H,y) = exp ( -u l3 (x) — — ) a(x, h,y) b(x, h, z)\ z=y . (3.2) 



2 dy % dzi 

The bundle W viewed as a sheaf of algebras over C is naturally filtered with respect to 
the degree of monomials 2[H] + [y] where [h] is a degree in h and [y] is a degree in y 



■ ■ C W 1 C W° C Vtr 1 • • • C W . 



(3.3) 



r(x,w m ) = {a= ^ h k a k ., ll .., P (x)y ll ---y ip } 

2k+p>m 

This filtration defines the 2[h] + [y]-adic topology in the algebra of section T(X, W) over any 
open subset X C M . 

Let us remark that the space Q*(M,W) of smooth exterior forms with values in W is 
naturally a graded associative algebra with the product induced by f!3.2|) and the following 
graded commutator 

[a, b] = a o b - (-) qaqb b o a , 

where q a and are exterior degrees of a and b , respectively. The filtration of W ()3.3|) gives 
us a filtration of the algebra Q'(M, W) 

• • • C fi(M, W 1 ) C n(M, W°) C fi(M, W" 1 ) • • • C Q(M, W) , (3.4) 

which similarly defines the 2[h] + [y]-adic topology in the algebra Q(M, W) of exterior forms . 
Following Fedosov [THj we introduce the following derivation of the algebra fl(M, W) 

5 = tfc* A : fi*(M, W) i — ^ fi ,+1 (M, W) , 5 2 = . (3.5) 
oy % 

The cohomology of the differential S are described by the following 
Proposition 1 

H°(Q(M,W),5) = C 00 (M)((^)), H- 1 (Q(M,W), 6) = 0. 

Proof. It is not hard to guess the map 

a : Q{M,W) i-> C7°°(M)((n)) 

from the complex (fi(M, W),<5) onto its subcomplex (C°°(M)((H)), 0) and a contracting 
homotopy <5 _1 

(J" 1 : ft'(M, W) i-> fi* -1 (M, W) , 
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between the map a and the identity map. Namely, 

a<EO'(M,>V). (3.6) 



cro = a 



^=0, dx=0 



1 

-_i i . i d \ f , , . . , dl 



and 



5 fl = ^ \9x*J 7 a ( x '^' t 2/' trfx )y' ( 3 - 7 ) 
o 

where i(d/dx k ) denotes the contraction of an exterior form with the vector field d/dx k , and 
<5 -1 is extended to r(W) by zero. 
The desired contracting property 

a = a(a) + 55- 1 a + 5- 1 6a J V a e Q(M, W) (3.8) 

can be checked by a straightforward computation. □ 

We remark that the operator 5" 1 turns out to be nilpotent 

(5- 1 ) 2 = 0. (3.9) 

Recall that on any symplectic manifold there exists an affine torsion-free connection V, 
which is compatible with the symplectic structure jTH] 

ViU jk (x) = . 

This connection allows us to define the following derivation of the algebra Q(M, W) 

V = dx' A - dx i T> k (x)y k j 1 : fi'(M, W) ^ fi' +1 (M, W) , (3.10) 

where Y 3 ik (x) are the respective Christoffel symbols. The compatibility of the connection 
with the symplectic structure implies that (j3.10|) is a derivation of the product ()3.2|) . 
Since the connection V, is torsion-free the derivation V anti-commutes with 5 

V5 + 5V. (3.11) 

In general the derivation V is not nilpotent as 5. Instead we have the following expression 
for V 2 

V 2 a = ^[R,a] : ST(M, W) i-> fi ,+2 (M, W) , (3.12) 

where 

R = --dx i dx j u km (R ij )Y l (x)y k y l , 

and (Rij)f(x) is the standard Riemann curvature tensor of the connection Vj. 

Let us consider the following derivation of the algebra Q(M, W) (connection on the bundle 

W) 

D = V-6+~[r,»], (3.13) 
n 
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where r is a smooth 1-form with values in W 3 . Using equations (|3.11j) and (|3.12j) we get 
that for any a 6 H(M, W) 

D 2 a = \\R- 5r + Vr + or, a}. (3.14) 
n n 

Since the center of the Weyl algebra is C((hj) C Cffy 1 , . . . ,y 2n ]]((h)) the derivation D is 
nilpotent (the connection ()3.13|) is flat) if and only if 

R-5r + Vr + ^ror e Q 2 (M)((h)). (3.15) 
a 

Furthermore, since r G f2 1 (M, W 3 ) we have 

R-5r + Vr + Kore hQ 2 (M)[[h]] . (3.16) 

Let us say that 

R- 5r + Vr + K or = h k u k . (3.17) 

n z — ' 

fc>i 

Using the properties of V and 5 and the Bianchi identities for the Riemann curvature tensor 

5R = 0, VR = . 

we derive that 

D(R - 5r + Vr + -r o r) = . 
ft 

The latter is equivalent to the fact that all the forms Uk in the right hand side of ()3.17|) are 
closed with respect to the De Rham differential d . 
It turns out that for any series of closed forms 



Q = J2 hkuJ k (3.18) 



fc>i 



one can construct an element r G Q X (M, W 3 ) satisfying ()3.17|) . Namely, theorem 5.3.3 in 
implies that 



Theorem 3 (Fedosov) For any formal series hS.ltyl of closed forms on M one can con- 
struct an element 

r = dx l h k r k]lM ... tp (x)y l \..y^ eQ\M,W 3 ) (3.19) 

fc>0,p>l 



satisfying \3.11\j and the condition 5 l r — . The operat 



ion 



D = V -6 + -[r, •] (3.20) 
h 

associated to the element is a nilpotent derivation of the algebra Q(M, W) . 
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Remark. The element r in the above theorem can be obtained by iterating the following 
equation 

r = S- 1 (R~Q)+S- 1 (Vr + lror). (3.21) 

n 

Since the operator V preserves filtration (|3.4J) and 5" 1 raises it by 1, the iteration of ()3.21j) 
converges in the topology (|3.4|) and defines the unique element r G Q 1 (M, W 3 ) . 
Furthermore, the respective generalization of theorem 5.2.4 in ^3] says that 

Theorem 4 (Fedosov) Iterating the equation 

r (o) = a + r 1 (Vr(a) + i[r, r(o)]) (3.22) 

/or a G C°°(M)((/l)) one constructs an isomorphism 

t : C°°(M)((ft)) ^ A;erDnr(M ) W) 

/rom £/ie vector space C°°(M)((h)) to the vector space of horizontal sections Z°(Q(M, W), D) 
of the connection \3.2($ . For any a G C°°(M)((h)) 

o"(r(a)) = a 

and the multiplication on C°°{M){{Kj) induced by the o-product hS. 2\) via the isomorphism r 

a*b = a(r(a)or(b)), a, b G C°°(M)({h)) (3.23) 
is a star-product associated to the Poisson bracket u>^ . □ 

Notice that since the operator V preserves the filtration ()3.4|) and 5 _1 raises it by 1, the 
iteration of ()3.22|) converges in the topology ()3.4|) and define the unique element r(a) G 
Z°(Q(M,W),D) for any a G C°°(M)((h)). 

One can easily observe that the series ()3.18j) of closed forms enters the construction of 
the star-product ()3.23|) . In fact it is not hard to show that the equivalence class of the 
star-product ()3.23|) depends only on the cohomology class of the series (|3.18j) . In other 
words, if * and *' are Fedosov star-products corresponding to series Q and Q' representing 
the same cohomology class in H 2 (M, C)((h)) then * is equivalent to *' in the sense of (|2.2j) . 
Furthermore, if two series Q and Q' define distinct cohomology classes in H 2 (M, C)((h)) then 
the corresponding Fedosov star-products * and *' are not equivalent. 

The following result of P. Xu jHS] shows that the above construction allows us to get a 
star-product from any equivalence class of the star-products on M 

Theorem 5 (P. Xu, |35j) Any star-product on a symplectic (smooth real) manifold M is 
equivalent to some Fedosov star-product. □ 

If a star-product * on M is equivalent to the Fedosov star-product corresponding to the 
series (13.18)) the cohomology class of the combination 

n F = l(-u + n)e \z 2 d (si(M)[\h}}) (3.24) 
h h 

is called the Fedosov class of a star-product *. We refer to Qp entering the construction of 
the star-product as the Fedosov representative. 
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3.2 Double complex of fiberwise Hochschild cochains. 



In this section we denote by A the algebra of functions C°°(M)((h)) with the star-product * 
()3.23|) associated to the Fedosov data (M, V, Of). 

We now turn to the definition of formal fiberwise Hochschild cochains on r(W) 

Definition 1 A bundle C k of formal fiberwise Hochschild cochains of degree k is a bundle 
over M whose sections are C oc (M)-polylinear maps ^3 : <^) k T(W) i— ► r(W) continuous in 
the adic topology \3.3\) . 

Any such map G T(C k ) can be uniquely represented in the form of the following formal 
series 

v = E E ^c^a • • • y ip g^ ® • • • ® ^ > ( 3 - 25 ) 

ai...a fc m,p=0 

where the summation in m is bounded below, a's are multi-indices a = ji . . . ji , 

d d d 



dy a dyii ' ' ' dy^ ' 

and the tensors tym-h a . k ip( x ) are symmetric in covariant indices i\, . . . 

Extending the above definition by allowing the cochains to be inhomogeneous we define 
the total bundle C of formal fiberwise Hochschild cochains as a direct sum 



1 "p 



oo 



C = 0C\ C° = W. (3.26) 

fc=0 

The space Q(M, C) of smooth exterior forms with values in the bundle C acquires a natural 
associative product induced by the fiberwise cup-product (jA.4j) in the space of Hochschild 
cochains of the formal Weyl algebra. Here we also call this product a cup-product. So, given 
<Pi G Q(M,C kl ) and <p 2 G Vt(M,C k2 ) their cup-product is defined by 

<Pi U 9J 2 (ai, «2, • • • , a kl+ k 2 ) = ^Pi(ai, • • • , a fc J o <p 2 (a fcl+ i, . . . , a fcl+fc2 ) , (3.27) 

where are arbitrary smooth sections of the Weyl algebra bundle W . 

The space Q(M, C) also acquires a graded Lie algebra structure induced by the fiberwise 
Gerstenhaber bracket (jA.6|) . For two homogeneous elements G Q(M, C kl+1 ) and ^2 £ 
f2(M, C k ' 2+1 ) the bracket is defined as follows 

PPi>SP2]g(O0> • • ■ jOfci+fca) = 

^(-)^ < p 1 ( a0) ...,<p 2 ( ai , ...,a i+fc2 ), ...,a fcl+fc2 ) (3.28) 

i=0 

_(_)*ita( 1< _ >2 ), aj eT(M,W). 
The fiberwise o product in r(W) gives us the fiberwise Hochschild differential (|A.3|) 



(cftp)(a , ai, . . . , a fc ) = (-) 9 (a *P(ai, . . . , a fc ) - ^(ao «i, a 2 , . . . , a fc ) H h (3.29) 
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(-l) fc <P(a , . . . , a k _ 2 , a fc _i o a k ) + (-l) fc+1 <p(a , a u . . . , a fc _i) o a k ) , 
d : fi g (M, C k ) i-> ft 9 (M,C fc+1 ) , 
which is a derivation of both the cup-product (|3.27|) and the Gerstenhaber bracket ()3.28j) by 

(ESI) (US}. 

The Fedosov differential (|3.13|) can be naturally extended to the vector space Q(M, C) 
via the formula 

p*P)(ai,...,a fc ) = 

D¥(a 1} ...,a k )- (-) q (%$(Da 1} a 2 . . . ,a k ) + ■ ■ ■ + <p(a 1} a 2 . . . , Da k )) , (3.30) 

where e n q (M,C k ) and ai are arbitrary smooth sections of the Weyl algebra bundle W . 
It is not hard to see that the differential ()3.30|) is a derivation of the cup-product (j3.27j) 
and the Gerstenhaber bracket ()3.28|) . The differential 1)3.30)1 also anti-commutes with the 
fiberwise Hochschild differential d 

Dd+dD = 

since D is a derivation of the o-product ()3.2j) . 

Thus we arrive at the double complex (f2*(M, C*), D, d), the total space of which is a 
differential graded associative algebra (DGAA) and also a differential graded Lie algebra 
(DGLA). 

Due to propositions |H1 and El given in Appendix B the fiberwise Hochschild differential d 
has vanishing higher cohomology 

H^\Q(M,C'),d) =0. (3.31) 
Therefore for any q > the natural embedding 

<£ g : Q g {M){(h)) ^ Q q {M,C°) (3.32) 

induces a quasi- isomorphism of complexes (Q q (M)((h)), 0) and (Q q (M, C), d). Furthermore, 
since the Fedosov differential restricted to fl(M)((h)) coincides with the De Rham differen- 
tial d the inclusion (£ : Q(M) ■=— > Q(M,C°) also induces a morphism from the De Rham 
complex (f2(M)((ft)), d) to the total complex (f2(M, C m ), D + d). One can easily see that £ is 
compatible with the cup-products and therefore £ is a morphism of DG associative algebras 

<£ : (Q(M)((h)), d, A) ^ (Q(M, C), D + d, U) . (3.33) 
Due to ()3.3H) and ()3.32)) we have that 

Proposition 2 The spectral sequence of the double complex (Q'(M, C), D, d) , associated to 
the filtration by the degree of fiberwise Hochschild cochains degenerates at E\ and the map <£ 
\3. 3ty) is a quasi-isomorphism of DG associative algebras. □ 

We will prove the desired statements of theorems 1 and 2 by computing the total coho- 
mology of double complex (Q*(M, C), D, d) using the spectral sequence associated to the 
filtration by the exterior degree in Q*(M, C°) . But before doing this, we need to extend the 
operations introduced on the vector space fl(M, W) in the previous subsection to the vector 
space f2(M, C) . A proof of the following proposition is straightforward 
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Proposition 3 

1. The nilpotent derivation 5 \3. 5}) and the covariant derivative V 13.1(J\) are extended to 
Q(M, C) in the following natural manner 

«P = [dx'^r, , V<P = da* ^ - [dxri k y k ^- , «p] G , (3.34) 
d 

where dx % T J ik y k is viewed locally as an element ofQ, 1 (»,C 1 ) . With this definition 
V is globally defined, 5 is nilpotent and equation 113. 11]) holds. 

2. The component-wise extension of the map o \3. 6]) 



ay, = 



: Q{M,C) >-> Z$(Q{M,C)) (3.35) 

y t =dx t =0 



defines a projection onto the kernel Zg(Q(M,C)) = kerb fl T(C) of 5 in T(C) . With 
this definition of a and the component- wise definition of 5~ l \3. 7| ) equations hS. <5J) and 
/ TO)) hold in ft(M, C) . 

3. The Fedosov differential on Q(M,C) \3. 3(J\) can be rewritten in the form 

D^ = V<$-5¥+^[dr,¥} G , V<£eft(M,C), (3.36) 
where r \3.19ji is viewed as an element in Q 1 (M, C°) . □ 

The following proposition shows that the complex Q'(M, C) is a resolution of the complex 
C' oc (A) of local Hochschild cochains of A 

Proposition 4 Fedosov differential \3. 3U\) has vanishing higher cohomology 

H- 1 (Q(M,C*),D) — (3.37) 

and 

H (n(M,C'),D)=C; oc (A) (3.38) 
as DG associative algebras and as DG Lie algebras. 

Proof. To prove (j3.37|) we pick up ^ G Q- 1 (M, C) which is closed with respect to the 
Fedosov differential D 

D^ = 

and observe that the recurrent procedure 

= -r 1 *p + r 1 (V0 + i[9r,0] G ) (3.39) 
converges in 2[h] + [y]-adic topology to an element G f2(M, C) such that 

= 0. (3.40) 
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Due to equations (|3.8|) . (|3.9|) . extended to Q(M, C) by proposition 01 and equation (|3.4(Jj) 

r x o = o , 

and 

5-\DQ. - qj) = . (3.41) 
Let us denote .D0 — ^3 by .ft. Using ()3.8|) once again we get that 8. satisfies 

£ = r x (V^+ j_[dr,M\ G ) (3.42) 

since £ G Q- 1 (M, C) and = 0. 

Equation ()3.42|) has the unique vanishing solution since <5 _1 raises the degree in y . Hence 
(|3.37|) is proven. 

To prove the second assertion we mention the following property of the map r ()3.22|) 

d d 

-T(a) 



(x, h) = d x n . . . d x i k a(x, h) + lower order derivatives in x , (3.43) 

yi=0 

Va G C°°(M)((h)). 

Thus using the map r we can identify the vector space C* oc (A) of local Hochschild cochains 
of A and the vector space Z$(Q(M,C)) = kerb n T(C) . An isomorphism from the latter 
space to the former one is given by the formula 

(/i«P)(ai, . . . , a k ) = a<£(r(ai), . . . , r(a k )) , (3.44) 

where G Z$(Q(M, C)) and a { are elements in C°°(M)((h)) . It follows form (HOI) that the 
star-product (|3.23j) is the image of fi, namely 

* = M°) , (3-45) 

where o is viewed as an element in T(C 2 ) and * g Cf oc (A) . 

An appropriate modification of theorem 0] (or theorem 3 in ^T]) enables us to conclude 
that iterating the equation 

a(*P) = % + (T^VapP) + hdr, app)] G ) (3.46) 

for any *P G Z°($7(M, C)) one constructs an isomorphism 

a : Z°(fi(M,C))=;Z°(fi(M,C)), 
where Z&(fi(M, C)) = ker D n T(C) . It is obvious that 

a(a(qj)) = qj v^GZ°(n(M,c)). 

Notice that the element o g T(C 2 ) remains unchanged under a 

a(o) = o . 
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The second claim of the proposition will follow if we prove that the map 

PQp) = fi(am ■ Z° D (V(M,C-)) ~ Cf oc (A) (3.47) 

is an isomorphism of DG associative algebras and DG Lie algebras. We already know that 
(3 is an one-to-one and onto. Thus we have to prove the compatibility with the algebraic 
operations U, [,]g, and d. To do this we observe that for any k > the map (3 is given by 
the formula 3 

W)(ai, . . . , a h ) = t7(<p(r(ai), . . . , r(a k ))) . (3.48) 
The compatibility with the cup-product (|3.27|) follows from the line of equations 

U qj 2 ))(ai, • • • , a fcl+fc2 ) = a( ? Pi(r(a 1 ), . . . , r(a fc J) o <p 2 (r(a fel+ i), . . . , r(a fcl+fe ))) = 

cr(?Pi(r(ai), . . . , r(a fel ))) * cr(«p 2 (r(a fcl+ i), . . . , r(a kl+k , 2 ))) = U (/3<p 2 )(ai, • • • , afc 1+ fc 2 ) , 

where ai, . . . , a kl+k2 are arbitrary elements in A, ^ G Z° D (0(M, C fcl )), and <£ 2 G Z° (ft(M, C fe2 )) 

To prove the compatibility with the Gerstenhaber bracket we observe that for any 
ai, . . . , a k G A and «p G Z£(Q(M, C fc )) 

r((/3<p)(a 1; . . . , a fc )) = <P(r(ai), . . . , r(a fc )) . (3.49) 

The latter is proven as follows. Both right and left hand sides of (J3.49)) are D-closed elements 
of r(W). By (|3.48|) er of the left hand side equals to a of the right hand side. Hence (|3.49|) 
follows from theorem 0]. 

Using (jSZgj) we derive that for any *p x G Z£(ft(M, C fcl )), ^2 G Z£(Q(M, C te )), and 

Wi(- • • , % (■ ••)>••• • • • , a fcl+fc2 _i) = 

o-<Pi(r(ai), . . . , <p 2 (r(ai), . . . , r(a i+fe2 _i)), . . . , r(a fcl+fc2 _!)) = 
a<Pi(r(ai), . . . , r((/?«p 2 )(oi, • • • , a i+fc2 _i)), . . . , r(a fcl+te _ 1 )) = 
(/3<Px)(ai, . . . , (^p 2 )(oi, • • • , ai+fc 2 -i), • • • , ctfc 1+ fc 2 -i) , 

where *Pi(. .., *p 2 (...),... ) denotes the substitution of ^3 2 on the place of the z-th argument 
of ^Pi . Thus the compatibility of (|3.47|) with the Gerstenhaber bracket is proven. 

The compatibility of ()3.47|) with the Hochschild differential follows from the compatibility 
of (|3.47|) with the Gerstenhaber bracket, and equations (|3.45|) . (|A.7j) . Thus the proposition 
is proven. □ 

Proofs of theorems 1 and 2. It turns out that most of work is already done. Due to 
theorem |S] of P. Xu [33] we can safely assume that * is the star-product associated to the 
Fedosov data (M, V, f^) . Then it is clear that the first claim of theorem 1 would follow 
from theorem 2 . 

Proposition |U implies that the spectral sequence of the double complex (fT(M, C*),D,d) 
associated to the filtration by the exterior degree degenerates at E\ and the total cohomology 
of (fi'(M, C'),D,d) 

H'(Q'(M, C'),D + ff) = H'{Z° D (Q'(M, C*)), d) 

3 For k = the map (3 just coincides with a 
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both as graded associative algebras and as graded Lie algebras. Combining the statements of 
propositions El and |U we get that (fl'(M, C), D + d, U) is the desired DG associative algebra 
K* and the quasi-isomorphisms in question 

(n*(M)((H)),d,A) (Q'(M,C'),D + d,U) (Cl c (A),d,U) (3.50) 

are (£ ()3.33|) and D = ()3.47|) . The naturality of K', 3) and (£ with respect to the Fedosov 
data is evident. 

While the equivariance property (|2.6|) of (£ is obvious from the construction, the equiv- 
ariance property (|2.6j) of D follows essentially from the fact that any diffeomorphism acts on 
the fiber variables y l of the tangent bundle TM by linear transformations. Thus theorem 2 
is proven. 

To prove the statement about the Gerstenhaber bracket in theorem 1 we observe that due 
to propositions |H1 and El in Appendix B any cocycle in (Q'(M, C), D + d) is cohomologically 
equivalent to a cocycle in T(C )) . But the restriction of the Gerstenhaber bracket to C° is 
vanishing by definition (|A.6j) . This completes the proofs of both theorems. □ 

4 Concluding remarks 

In this section we discuss applications and variations of theorems 1 and 2 . 

First, using theorems 1 and 2 , one can easily prove an equivariant version of Xu's theorem 

Corollary 1 If G is a group acting on M by symplectomorphisms and M admits a G- 
invariant connection V then any G-invariant star-product is equivalent to some G-invariant 
Fedosov star-product. If G is finite or compact then the equivalence can be established by a 
G-invariant operator. □ 

Second, in some cases it is instructive to know the Hochschild cohomology of the algebra 
A = C 00 (M)[[/l]] of formal Taylor power series with multiplication *. By keeping track of 
negative degrees in h in our construction one can easily prove that 

Proposition 5 The graded associative algebras 

(tf#; oc (A ),u) 

and 

H'(n(M)[[h)),hd,A) 

are isomorphic. □ 

Third, natural algebraic geometric versions of theorems 1 and 2 hold for a smooth affine 
algebraic variety X (over C). These versions immediately follow from Grothendieck's theorem 
on De Rham cohomology of an affine variety and the fact that any smooth affine algebraic 
variety admits an algebraic connection on the holomorphic tangent bundle T^X . 
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Proposition 6 If X is a smooth affine algebraic variety over C endowed with an algebraic 
symplectic form to, and A = (0(X)((h)),*) is the corresponding quantum ring of functions 
then the graded associative algebra 

(M'(A),U) 

of Hochschild cohomology of A is isomorphic to the graded associative algebra 

(H' DR (X),U) 

of De Rham cohomology of X. The Gerstenhaber bracket on HH'(A) is vanishing. □ 

It is worth mentioning that in this algebraic geometric case the complex of local Hochschild 
cochains is quasi-isomorphic to the complex of all Hochschild cochains. For this reason, the 
analogue of theorem 1 is formulated for the genuine Hochschild cohomology of the quantum 
ring A . 

Notice that using the latter proposition only for the Fedosov star-products and rear- 
ranging the arguments, one can prove an algebraic geometric version of Xu's theorem |33| 
(theorem |5J) for any smooth symplectic affine algebraic variety over C . 

Finally, we would like to mention paper in which the authors propose an explicit 
expression for the canonical trace in deformation quantization of a symplectic manifold. We 
suspect that their formula for the trace can be obtained with the help of quasi-isomorphisms 
between the bar resolution and the Koszul resolution of Weyl algebra (see proposition |7J) and 
the origin of the integrals over the configuration space of ordered points on a circle in their 
formula is the result of multiple applications of a contracting operator similar to (|B.23|) . 
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2545-MO-03. 

5 Appendix A. Algebraic structures on Hochschild co- 
chains. 

Let A be an associative unital algebra over a field of characteristic zero. By definition, 
Hochschild cohomology [21] of A is 

HH'(A) = Ext' A9Aap (A,A), (Al) 

where A op is the algebra A with the opposite multiplication and A is naturally viewed as a 
left module over A £g> A op . 

Using the standard bar resolution for A one shows that Hochschild cohomology (jA.l|) is 
cohomology of the following complex 

C m {A) = Hom(A® m , A), (m > 1) , C°(A) = A (A.2) 
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with the differential given by 

<9$(ai, . . . a m+ i) = ax ■ $(a 2 , . . . , a m+1 ) - $(ai ■ a 2 , o 3 , . . . , a m+ i) + . . . 

+ (-) m $(ai, . . . , a m _i, a m • a m+1 ) + (-) m+1 $(ai, . . . , a m _i, a m ) ■ a m+1 , (A.3) 

d : C m (A) ^ C m+1 (A). 

The vector space (jA.2j) is usually referred to as the space of Hochschild cochains of the 
associative algebra A . 

Using the product in the algebra A one can define the associative cup product of Hochschild 
cochains. The cup product of two homogeneous cochains $1 G C kl (A) and $2 G C k ' 2 (A) is 
given by the formula 

$1 U $ 2 (ai, o 2 , • • • , a kl+k2 ) = $i(ai, . . . , a fcl ) • $ 2 (a fcl+ i, • • • , a kl+k2 ) , (A.4) 

where a; 6 A. It is not hard to show that the Hochschild differential (|A.3|) is a derivation 
of the cup product (jA.4|) 

U $ 2 ) = U $2 + U (<9$ 2 ) (A.5) 

and the induced product on the cohomology coincides with the Yoneda product [T7j in (|A.lj) . 

The space C'(A) can be also endowed with the so-called Gerstenhaber bracket JH] which 
is defined between homogeneous elements $1 G C kl+l (A) and $2 G C 2+1 (A) as follows 

[$i,$ 2 ] G (ao, • • -,a kl+k2 ) = 

fci 

^(-) ifc2 $i(a , . . • , $ 2 (a*, ■ ■ ■ , Oi+fe 2 ), • • • , «fc 1+ fc 2 ) ( A -6) 

i=0 

_(_)*!*»(! _ 2 ) , aj eA. 

Direct computation shows that (jA.6|) determines a Lie (super) bracket on the space C*(A)[1] 
of the Hochschild cochains with a shifted grading. One can observe that the differential 
(jA.3|) can be rewritten in terms of the bracket (jA.6|) as follows 

<9$ = R fe+1 K <% : ^(A) ~ C fe+1 (A) , (A.7) 

where G C 2 (A) is the multiplication in the algebra A. This observation implies that d is 
a derivation of the Gerstenhaber bracket (jA.6|) 

$ 2 ] G = [9$!, $ 2 ] G + H* 1-1 ^, 9$ 2 ] G , $ i G C*<(A) • (A.8) 
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6 Appendix B. Equivariant resolution of the Weyl al- 
gebra. 



In this section we propose a GL(2n, C) -equivariant homotopy formula for the cohomological 
Hochschild complex of the (formal) Weyl algebra 4 . 

Let 8^ be a non-degenerate antisymmetric matrix of size 2n x 2n. Then the vector 
space of the Weyl algebra W is by definition the vector space Cjjy 1 , . . . , y 2n ]]((fo)) of formal 
Laurent power series in h whose coefficients are formal Taylor power series in y , . . . ,y 2n . 
The multiplication o in W is given by 

a o b = exp A JL^j a(h, y) b(H, z)\ z=y , a,beW. (B.l) 

One can observe that W is naturally filtered with respect to the degree of monomials 2[h] + [y] 
where [h] is a degree in h and [y] is the total degree in y's 



. .. c W 1 C W° C W' 1 --- C W, W m = {aeW\a= h k <*kn...i p y h ■ ■ -V**} ■ (B.2) 

2k+p>m 

This filtration defines the 2[h] + [y]-adic topology on the algebra W and the product (|B.lj) 
is continuous in this topology. 

Since W is a topological algebra one should be careful with the standard arguments of 
homological algebra. In particular, the definition of Hochschild cohomology for the algebra 
should be slightly modified. By definition, 

HH k (W) = H k {C'{W),d), k>0, (B.3) 

where C q {W) is the vector space of continuous C((ft))-linear maps 

<S>eHom cm) (W® q ,W), 

and ® stands for the tensor product over C((h)) completed in topology (jB.2|) . Any such map 
can be uniquely represented in the form of the following formal series 

oo 

m ai...a q p=0 

where a's are multi-indices a = (ji . . .ji) , 

d d d 
dy" ~ dyh ' ' ' ~dyTi ' 

and the summation in m is bounded below. 

It is not hard to see that the Hochschild differential d (jA.3J) . the cup-product (jA.4j) and 
the Gerstenhaber bracket (jA.6|) still make sense for the complex C'(W). 

4 See paper in which a similar computation has been performed for the algebra of invariants of the 
ordinary (non-formal) Weyl algebra acted upon by a finite group of automorphisms. 



y p 



d 



d 



dy 



dy c 



(B.4) 
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Similarly, we replace the "stupid" bar resolution by the topological bar resolution of W 
left W^W^-module 

oo 

B = B m , B m = W®^ = C[\jk, Vn+M*)) > (B.5) 

m=0 

where ^ = (yj, . . . , y 2n ), W op denotes the Weyl algebra with the opposite multiplication, the 
differential b : B rn \— > B m _i is given by the formula 

(bb)(H,yi,...,y m+ i) = 



z=yi 



Z=Vm+2 



m fx d d 

V(-) fe ~ 1 exp(-6 13 — -— )b(h, yi,..., y k , z, y k +i, ■ • ■ , Vm+i) 
~ * oy k OzJ z=y k 

and the W®W op -m.od\Ae structure is defined by 

h ■ d d 

(a • b)(h,yi, . . .,y m+2 ) = exp(-6^ — — T )a(/i, z)b(h, y u . . . ,y m+2 ) 

2 oz l dy{ 

h ■ d d 

(b ■ a)(fi, #1, . . .,y m+2 ) = exp(-e tJ — — —)b(h,y 1 , . . . ,y m+2 )a(h,z) 

2 dy l m+2 dz^ 

aeW, bEC[[y 1 ,...,y m+2 ]}({H)). 

By Kb we denote the corresponding homotopy operator Kb '■ -Bm-i l— *■ 

(h B b)(h, yi,..., y m+2 ) = b(h, y 2 , ■ ■ ■ , y m+2 ) 
in the augmented bar complex 

Obviously, we have the following canonical isomorphism of complexes 



:b.6) 



(B.7) 



(B.8) 



(B.9) 



C\W) = Hom c w ^ wop (B„ W) , (B.10) 
where by Horn we denote the vector space of all homomorphisms continuous in topology 

(El. 

An appropriate analogue of the Koszul resolution of the Weyl algebra W is the polynomial 
algebra 

K = W<giW op [C 1 , . . ., C 2n ] (B.ll) 

in 2n anticommuting variables C , . . . , C 2n with coefficients in the tensor product W®W op 
over C((h)) completed in topology (|B.2|) . The differential in K is given by the formula 



M= (y\-yi)JL a +%vJL(®+jL)a, aeK 



(B.12) 



where the arrow over d means that we use left derivatives with respect to anticommuting 
variables C l . 
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The m-th term of the complex (jB.ll|) 

K m = A m (C 2n ) <g> W®W op 

is naturally a left module over W®W op and the differential (|B.12|) d : K m \— > K m _i is 
compatible with the W®W op -modu\e structure. 

The homotopy operator hx of the augmented Koszul complex 

• • • A A m (C 2n ) ® W®lU op ^ • • • ^ C 2n ® -5> W®W"* A W (B.13) 

looks as follows 



Ma)=C fc / dt{V- t V^a)({h,fo + t(yi-y 2 ),ih,tC)), 
Jo oV\ 

P = exp(-^^-— ^ , (B.14) 
V_ t = exp 9 l] - 



2 9yi c^ 2 

Using homotopy operators (|B.8j) . (|B.14|) we can inductively construct continuous quasi- 
isomorphisms between the topological bar resolution ()B.5|) and the Koszul resolution (|B.llj) . 
Namely, 

Proposition 7 The complexes of leftW ®W op -modules \B.5\) and \B.11\) are quasi-isomorphic. 
A quasi-isomorphism A from the Koszul resolution \B.11)) to the topological bar resolution 
AB.5\) is determined inductively by setting 



A 

and 



= id ~. Kq i — ► Bq , 

w®w°p 



A(a) = fc B (A(0a)) 

for any topological generator a of the left W (§>W op -module K m (m > 0) . A quasi-isomorphism 
v from the topological bar resolution \B. 5)) to the Koszul resolution \B. 1 1}) is determined in- 
ductively by setting 

v = id \ Bq i — > Kq , 

w®w°p 

and 

u{b) = h K {v{bb)) 

for any topological generator b of the left W®W op -module B m (m > 0) . 

Proof. We define inductively a morphism p : B \— > B[l] of left W®W op -modules by setting 

= 0:B ^B 1 , p(b) = h B (id - Ai/)(6) - h B p{b(b)) (B.15) 

w®w°p 

for any topological generator b of the left M^fgW^-module B m (m > 0) . Direct computation 
shows that p is a homotopy operator between id and A z/ 

b - X(u(b)) = b(p(b)) + p(b(b)) . (B.16) 
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Similarly, one constructs a homotopy operator between id and v A on K □. 
The above proposition immediately implies that the maps 

(Aa)(«) = a(A«) : C"(W) ^ Hom c mwop (K., W) , k G , a 6 C*(W) (B.17) 

(*/)(&) = f(yb) : Hom c w ~ wop (K„ W) ^ C\W) , (B.18) 
6 G B. , f G Hom c w§)Wop {K., W) 
are quasi-isomorphisms of the complexes C'(W) and Hom c w ^ )Wop {K, ) W) and the map 

(pa) (6) = a{pb) : C'{W) ^ C*{W) , a G C"(W) , b G B. (B.19) 
is a homotopy operator between the id and z> A 

a-z>(Aa) = (dp + pd)a } V a G C'{W) . (B.20) 

In the above equations we use the identification of C'{W) and Hom c w ^ Wop {B*, W) (jB.lO)) . 

The complex Hom^-^^K,, W) is obviously identified with the polynomial algebra 
W[ipi, . . . , ip2n] in 2n anticommuting variables ipi, . . . , ip2n with coefficients in the Weyl alge- 
bra W, namely 

Hom c w ~ wop (K q , W) = W[h, . . . , Vfcjfe), (B.21) 

where W["0i 3 • • • , V^nlfa) is the space of polynomials in ^'s of degree q. One can easily compute 
the differential Oh in W^i, • • • , V^n] 

<9^a = h^^-a , a G V^i, • • • , V>2n], (B.22) 
and guess the corresponding partial homotopy operator 

if 1 ,., , B 



Ha = \ ! dty^i^-a^ty^) , a£%...,4] (B.23) 
satisfying the following identity 



a = a 

Thus we conclude that 



+ (d H H + Hd H )a, V S e%,..,^]. (B.24) 



HH*m=r m ' q = °' (B.25) 
I , otherwise . 

For the case q = we also have an obvious algebraic formulation of the above assertion 

Z°{C'{W), d) = Z{W) = C((h)) , (B.26) 

where Z°(C'(W), 9) denotes the space of the zeroth cocycles of the complex C'{W) and 
Z(W) stands for the center of the Weyl algebra W . 

Together with the expected result (jB.25|) the above considerations enable us to get a 
homotopy formula for the Hochschild cohomological complex of the Weyl algebra. Using 
proposition [7| and equations (|B.20|) . (jB.24|) we derive that 
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Proposition 8 The following operator 

x (a) = u(H(\(a))) + p(a) , a G C^(W) (B.27) 

satisfies the equation 

a=(d X + X d)a (B.28) 

for any a G C^ l {W) . □ 

An explicit expression of the homotopy operator (jB.27)) is rather complicated. See, for exam- 
ple, paper [21] in which an explicit homotopy formula is given for the Hochschild complexes 
of the commutative algebra of polynomials in n variables. 

One can observe that any element g G GL(2n, C) defines an isomorphism from the Weyl 
algebra Wg associated to the (antisymmetric, non-degenerate) matrix 9 to the Weyl algebra 
Wgi associated to the matrix 9' = g*9. For our purposes we need to keep track of the equiv- 
ariance properties with respect to such isomorphisms. To do this we introduce a groupoid 
of Weyl algebras. The objects of this groupoid are Weyl algebras Wg associated to all pos- 
sible antisymmetric non-degenerate matrices 9 and the morphisms are defined by elements 
of GL(2n, C) . One can repeat all the arguments in this appendix by replacing a single Weyl 
algebra by this groupoid. Thus we get the following 

Proposition 9 The homotopy operator \B.2T\ l is GL(2n,C)-equivariant. Namely, if Xe de- 
notes the homotopy operator \B.21 ) in the complex C*{Wg) then for any g G GL(2n, C) the 
diagram 

C'{Wg) a C-\Wg) 

P* I 9 * (B.29) 

C'(W g .o) X ^ e C-\W g , e ) 

commutes. □ 



References 

[1] J. Alev, M.A. Faritani, T. Lambre, et A.L. Solotar, Holomologie des invariant d'une 
algebre de Weyl sous Taction d'un groupe fini, J. of Algebra, 232 (2000) 564-577. 

[2] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation 
theory and quantization. I. Deformations of symplectic structures, Ann. Phys. (N.Y.) 
Ill (1978), 61; 

Deformation theory and quantization. II. Physical applications, Ann. Phys. (N.Y.) 110 
(1978), 111. 

[3] F.A. Berezin, Quantization, Izv. Akad. Nauk. 38 (1974) 1116-1175; 

General concept of quantization, Commun. Math. Phys. 40 (1975) 153-174. 

[4] R. Bezrukavnikov and D. Kaledin, Fedosov quantization in algebraic context, 
|math.AG/0309290| 

[5] M. Bordemann, G. Ginot, G. Halbout, H.-C. Herbig, and S. Waldmann, Star- 
Representations sur des sous-varietes co-isotropes, math.QA/0309321 



21 



[6] J.-L. Brylinski and E. Getzler, The homology of algebras of pseudo-differential symbols 
and the non-commutative residue, K-theory 1 (1987) 385-403. 



[7; 
[8 

[9 
[10 

[11 

[12 
[13 

[14 

[15 

[16 

[17 
[18 
[19 
[20 
[21 
[22 
[23 



D. Calaque, Formality for Lie algebroids, math.QA/0404265 

M. Cahen, M. De Wilde, and S. Gutt, Local cohomology of the algebra of C°° functions 
on a connected manifold, Lett. Math. Phys. 4 (1980) 157-167. 

A.S. Cattaneo, G. Felder, and L. Tomassini, From local to global deformation quanti- 
zation of Poisson manifolds, Duke Math. J. 115, 2 (2002), 329-352. 

V.A. Dolgushev, S.L. Lyakhovich, and A. A. Sharapov, Wick type deformation quanti- 
zation of Fedosov manifolds, Nucl. Phys. B606 (2001) 647-672; |hep-th/0101032"l 

V.A. Dolgushev, Covariant and Equivariant Formality Theorems, to appear in Adv. 
Math. , |math.QA/0307212| 



V.A. Dolgushev, A Formality Theorem for Chains, math.QA/0402248, 

B.V. Fedosov, A simple geometrical construction of deformation quantization, J. Diff. 
Geom. 40 (1994), 213-238. 

B.V. Fedosov, Defomation quantization and index theory. Akademia Verlag, Berlin, 
1996. 

B. Feigin, G. Felder, and B. Shoikhet, Hochschild cohomology of the Weyl algebra and 
traces in deformation quantization, |math.Q A/0311303 

G. Felder and B. Shoikhet, Deformation quantization with traces, Lett. Math. Phys. 
53, 1 (2000) 75-86; |rnath!QA/0002057| 

S. I. Gelfand and Yu. I. Manin, Methods of homological algebra, Springer Monographs 
in Mathematics, Springer, The second edition, 2003. 

I. Gelfand, V. Retakh, and M. Shubin, Fedosov manifolds, Adv. Math. 136, 1 (1998), 
104-140. 

M. Gerstenhaber, The cohomology structure of an associative ring, Ann. Math. 78 
(1963) 267-288. 

I.V. Gorbunov, S.L. Lyakhovich, and A. A. Sharapov, Wick Quantization of Cotangent 
Bundles over Riemannian Manifolds, hep-th/0401022, 

G. Halbout, Formule d'homotopie entre les complexes de Hochschild et de De Rham, 
Compositio Math. 126, 2 (2001) 123-145. 

M. Kontsevich, Deformation quantization of Poisson manifolds, I, to appear in Lett. 
Math. Phys.; Iq^alg/ 97090401 

M. Kontsevich, Deformation quantization of algebraic varieties, Lett. Math. Phys. 56, 
3 (2001) 271-294. 



22 



J.- L. Loday, Cyclic Homology, Grundlehren der mathematischen Wissenschaften, 301. 
Springer- Verlag, Berlin, 1992. 

S.L. Lyakhovich and A. A. Sharapov, BRST quantization of quasi-symplectic manifolds 



and beyond, hep-th/0312075 



R. Nest and B. Tsygan, Algebraic index theorem, Commun. Math. Phys. 172 (1995) 
223-262. 

R. Nest and B. Tsygan, Deformations of symplectic Lie algebroids, deformations of 
holomorphic symplectic structures, and index theorems, Asian J. Math. 5, 4 (2001), 
599-635; |math.QA/9906020| 

N. Reshetikhin and L.A. Takhtajan, Deformation quantization of Kahler manifolds, 
Faddeev's Seminar on Mathematical Physics, Amer. Math. Soc. Transl. Ser. 2, 201 
(2000) 257-276; |rnTth.QA/990717ll 

B. Shoikhet, A proof of the Tsygan formality conjecture for chains, Adv. Math. 179, 1 
(2003) 7-37; |math QA/00 103211 



B. Shoikhet, On the cyclic formality conjecture, math.QA/9903183, 



D. Tamarkin, Another proof of M. Kontsevich formality theorem, math.QA/9803025; 
V. Hinich, Tamarkin's proof of Kontsevich formality theorem, Forum Math. 15, 4 (2003) 
591-614; |math.QA/0003052| 

D. Tamarkin and B. Tsygan, Cyclic formality and index theorems, Lett. Math. Phys. 
56 (2001) 85-97. 

D. Tamarkin and B. Tsygan, Noncommutative differential calculus, homotopy BV al- 
gebras and formality conjectures, Methods Funct. Anal. Topology 6, 2 (2000) 85-100; 
|math.KT/0002116| 

A. Weinstein and P. Xu, Hochschild cohomology and characteristic classes for star- 
products, Geometry of differential equations, 177-194, Amer. Math. Soc. Transl. Ser. 2, 
186, Amer. Math. Soc, Providence, RI, 1998; |q-alg/9709043| 

P. Xu, Fedosov *-products and quantum momentum maps, Commun. Math. Phys. 197, 
1 (1998) 167-197; q-alg/9608006. 



23 



